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Abstract For a smooth, closed n-manifold M, we define an upper semi-continuous integer-valued complexity 
function on using Morse theory. This measures how far an integral class is from being a fiber of a 

fibration. The fact complexity minimisers are open generalises Tischler’s result on the openness of classes dual 
to fibrations. We then use this to define a complexity function on 1-dimensional cohomology of a finitely pre¬ 
sented group, which is constant on open rays from the origin and vanishes precisely on the geometric invariant 
due to Bieri, Neumann and Strebel. 
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1 Introduction 


This work has its origin in a desire to exhibit extra structure in the non-fibred faces of the unit norm 
ball of the Thurston norm on first homology of a 3-manifold (see irHl i. However, our constructions 
are more general. To keep the discussion brief, we restrict ourselves to closed manifolds and finitely 
presented groups in this note. Throughout this paper we regard 0 as a natural number in N and 
manifolds are smooth. 

Suppose M is a connected oriented closed n-manifold. The. Morse complexity function 

is a vector, where the if^ component counts the number of critical points of Morse index k of a 
minimal closed Morse 1-form representing the cohomology class, with the minimum taken over all 
representatives using lexicographic order. Since m is constant on rays, it gives a function on the sphere 

m:S{M) = (//i(M;]R)\{0}) /IR+ 

Then m{\p) =0 if and only if t/r is represented by a non-singular closed 1-form. It follows from work 
of Tischler ifTSl (see Fried 15] Theorem 1]) that the set of cohomology classes of non-singular closed 
1-forms is an open cone in H\M\R) \ {0}, which is non-empty if and only if there is an integral 
class represented by a codimension-1 manifold that is a fiber of a fibration of M over . 

Theorem 1 Suppose M is a closed orientable n-manifold. For each in G there is an open subset 
U C S{M) such that m{\j/) < in if and only if \j/ & U. 


1 


Corollary 2 Suppose M is a closed orientable n-manifold, and S CM is a 2-sided connected non¬ 
separating codimension-1 submanifold, and X is the compact n-manifold obtained by deleting an 
open tubular neighbourhood of S. Then dX = S-US^ and X is the union of S- x [0,1] and some 
handles. Given a primitive class (j) let h{^) he the minimum number of handles for such 

S dual to (p. For each k >0 there is an open subset U C S{M), such that h{p) < k if and only if 

[(P]eu. 


In Section [3l we define an analogous complexity function, called the tropical rank, for a finitely 
presented group G by considering all manifolds with fundamental group isomorphic to G. We then 
re-interpret this function using HNN decompositions of G and relate it to the geometric invariant 
X(G) due to Bieri, Neumann and Strebel. To state the properties of this function, let S(G) be the set 
of equivalence classes of non-trivial homomorphisms (p: G —> K, where two such homomorphisms 
are equivalent if they are positive scalar multiples of each other. If (p(G) is discrete, then rank[(p] is 
roughly the minimum number of generators that must be added to the amalgamating subgroup A to 
obtain B in an HNN extension G = B*a corresponding to tp. 


Theorem 3 Let G be a finitely presented group. The tropical rank 

rank : S(G) ^ N 

is upper semi-continuous and has image bounded above by the minimal number n of generators of G. 
Moreover, for rational classes [(p] G 5'Q(G) we have 

(1) rank[(p] < n — 1, 

(2) rank[(p] = 0 if and only if [tp] G X{G), and 

(3) rank[(p] = 0 and rank[—(p] = 0 if and only if ker tp is finitely generated. 


Most of the results in this paper are known. However we have collected those results that seem 
most relevant to low dimensional topology and geometric group theory with a view to providing a 
concise source. Our focus is on handles in manifolds and generators for groups rather than Novikov 
homology, and is more in the spirit of the Thurston norm and BNS invariant. We end this introduction 
by discussing open questions about the special case of 3-manifolds. 

Suppose M is a closed, orientable 3-manifold. There is a natural identification S{M) =S{7ii (M)). The 
first Morse rank on S{M) gives an upper bound on the tropical rank on S(7ri (M)), and we do not know 
if this is always an equality. Thurston |[T4l defined a semi-norm on f/^(M;IR). Each primitive class 
c G H^{M',7L) can be represented by an embedded, orientable surface F C M. If F is connected, 
define X-{F) = max{0, —x(L)}, and otherwise X-{F) = where the sum ranges over its 

connected components. Then the semi-norm of c is the infimum of X-i^) taken over all surfaces F 
representing c. Thurston showed that the unit ball of this semi-norm is a finite sided polytope, and 
that the complexity zero classes correspond to the interiors of top-dimensional faces of this polytope, 
called the fibered faces. In particular, the set of cohomology classes of non-singular integral classes 
has image that is dense in an open polyhedral subset of S{M). Apart from this, we do not know how 
the first Morse rank and the tropical rank are related to the polyhedral structure of the Thurston norm 
ball. 
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2 Manifolds 


Let M be a closed n-manifold. We show that elements of are represented by Morse 1- 

forms. This is used to define a complexity taking values in (using lexicograhic order) for a 

first cohomology class. Nearby cohomology classes are represented by nearby Morse 1-forms with 
the same singularities. This implies the set of classes with complexity less than some value is open. 
We then relate this complexity to handle decompositions of M and the Novikov numbers of M. The 
notation and terminology in this section follows Farber |@1, and most of the results are surely known 
to the experts. 


2.1 The Morse complexity 

Let M be a closed, u-manifold. A smooth function / : M — > M is Morse if at every critical point of 
/ the Hessian d^ / is non-singular. This Hessian is a quadratic form 

— (vj H hv?) + H hx^) 

of index i. A Morse function gives a handle decomposition of M with /-handles corresponding to 
critical points of index /. 

Let ft) be a closed 1-form on M. For every open ball U CM, there is a smooth function fy: 17 —> IR 
satisfying (o\u = dfu and fjj is determined uniquely by ft) up to a constant. In local coordinates, we 
have: 

(Ox = ^ai(x)dx,- 

and hence ai{x) = ^{x)- It follows that the zeros of ft) in 17 are precisely the critical points of fij. 
A zero of ft) is called non-degenerate if the critical point of the corresponding function is a Morse 
singularity, and the index of the singularity is termed the Morse index of the zero of (O. The form co 
is termed Morse if all of its zeros are non-degenerate. 

For a Morse 1-form ft) denote by m, = m,(ft)) the number of zeros of Morse index /. This is finite 
since M is compact. This gives a complexity vector m{(o) = {mo,-- - ,m„). We use lexicographic 
ordering on these vectors so c < <7 if there is / > 0 with c/ < <7, and cj = dj for all j <i. 

By Theorem [TOl every element ^ G 77'(M;1R) is represented by a Morse 1-form ft) and we define 
m{^) to be the minimum of m{(o) over such ft). Note that m{^) = m{r^) for r > 0, however in 
general m{^) / m{—^), so fh decends to a well-defined function on the sphere, 

m:S{M) = (77i(M;lR)\{0})/lR+ — 

called the Morse complexity function. Note that S{M) = 5*^', where k = rank//' (M;1R). 

In the case = 0 a minimising Morse 1-form is ft) = d/ for some Morse function / on M. Then 
m(0) gives the least number of handles in a decomposition of M using lexicographic ordering. In 
particular m(0) = (1,0, • • • ,0,1) if and only if M is diffeomorphic to a sphere. The existence of exotic 
7-spheres implies that m{0) is not an invariant of homotopy type. 

Instead of minimising the whole complexity vector, one may also be interested in minimising any one 
of its component functions. For ^ (M;R), the i-th Morse rank is 

m-rank;(S) = min mdco). 
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We again have m-rank,(i^) = m-rank, (r(§) for r > 0, however in general m-rank,((§) / m-rank,-(—(§). 
We therefore view m-rank,- as an integer-valued function on the sphere S{M), and note that in general, 
the /-th Morse rank is not the component of the Morse complexity function. 

Proposition 4 The i-th Morse rank 

m-rank,-: S(M) N 

is upper semi-continuous for each i G {0,1,... ,n}. That is, for each x € S{M), there is an open 
neighbourhood N{x) with respect to the usual topology of such that m-rank,-(y) < m-rank,-(x) 
for all y gN{x). 

Since S(M) is compact, it follows that the range of m-rank,-: S{M) —> N is finite. Since the function 
is upper semi-continuous, we have the following immediate consequence: 

Corollary 5 The set £,- of all points of minimal i-th Morse rank is open in S{M). Moreover, rational 
points are dense in £,-. 

Remark 6 For all rational points, we have m-ranko[i§] = 0 = m-rank„[i^] since they can be repre¬ 
sented by circle valued Morse functions. However, Corollary [5] does not imply that 

m-ranko = 0 = m-rank„ . 

Are there examples, where the functions m-ranko and m-rank„ are not trivial? 

Example 7 (The torus) Consider the torus T^ = 'V/l} , where F = M*. A linear map L G V* gives 
an exact 1-form dL on which is preserved by translations, and therefore is the pullback of a 
closed 1-form (Ol on T^. Since there are no singularities, m-ranki vanishes identically. 

Example 8 There are manifolds M with the property that m-ranki: S{M) —> N does not vanish 
identically but is zero on a dense set; for instance 3-manifolds with each face of the Thurston norm 
ball a fibred face, such as (zero-framed surgery on) the complements of the Whitehead link or the 
Borromean rings (see ifldl ). 

Example 9 (Surfaces) Let F be a surface of genus g > 1, and ^ G be a non-trivial 

primitive element. Then ^ is dual to a circle valued Morse function F ^ with no critical points of 
indices 0 or 2. Since critical points of index 1 can only be cancelled against those of index 0 or 2, the 
Euler characteristic of F implies m(^) = (0,2g — 2,0) and m-ranki ((§) =2g — 2. 

2.2 Proofs of Theorem [1] and Proposition |4] 

Endow M with a Riemannian metric. We let 

B{x-,r) = {y G M I d{x,y) < r}. 

If B{x', r) is called an open ball, then it is understood that r is chosen such that B{x', r) is diffeomorphic 
to intB” C IR”. This condition holds for r sufficiently small. At each x G M, we have a well-defined 
real number, 

II (O II;, = v/{(0,c,(Ox}x, 
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arising from the inner product at x. We have 11 ft) | Ijc = 0 if and only if is a zero of ft). The norm of 
ft) is I |ct)| I = sup I |ft)| |x- A closed 1-form ft) defines a de-Rham cohomology class [ftj] 

It is well known that the set of Morse functions is dense in the set of smooth functions. Lalonde, 
McDuff and Polterovich jS] Lemma 5.1] show that the harmonic representative of a non-trivial class 
in {M, M) is a Morse 1-form for a generic Riemannian metric. We give an elementary proof of the 
density of Morse forms in every cohomology class. Another proof is in ifT^ Ch. 2 Theorem 1.25]. 

Theorem 10 If M is a closed Riemannian manifold, then the set of Morse 1-forms in each cohomol¬ 
ogy class is dense. 

Proof We must show that given e > 0 and a closed 1-form ft), there is a Morse 1-form, rj, such that 
[ 77 ] = [ft)] €H'-{M;R) and ||ft)-T 7 || < e. 

Suppose )/r is a closed 1-form on M and L C M is an open set such that )/r|f7 is Morse, and yW has 
finitely many zeros which are all in U. Suppose B ■.= B{x',r) C M is an open ball contained in larger 
open balls 2B := B{x',2r) and 3B = B{x',3r). Given 5 > 0 we show below that there is a 1-form 
Yi on M such that y = ¥t outside 3B and ||t/ri — i/r|| <5 and t//,|cl(f7 UB) is Morse with finitely 
many singularities, which are all in U UB. Since Yi y are equal outside the contractible set 3B 
it follows they represent the same cohomology class. 

Assuming this, there is a finite cover of M by balls B, := B{xf,r) C M with 1 < / < m, each contained 
in balls B{xi',2r) C B(xi;3r). We start with Yo = «} and Uq = % and 8 = e/m and inductively apply 
the above to produce a 1-form Yk which is Morse on Uk = Then rj = Ym is as required. 

It remains to prove the claim. Since Y has finitely many zeros in U, there is an open set V with 
V CU and V contains all the zeros of yW ■ Set /r = inf ||)//||;c where the infimum is over .r in the 
compact set U\V. Then /r > 0. 

The closed sets C = cl(B\f7) and D = cl(M\2B) Ucl(L) are disjoint. Thus there is a smooth function 
A :M —^ [0,1] with A(C) = 1 and A(D) = 0. Let i«:= 1 + UdAlj. 

Since y is closed and 3B is a ball, integrating y along paths starting at the base point gives a smooth 
function g : 3B —> R with dg = yr on 3B. Since Morse functions are dense in C“(int(B")), there is 
a Morse function h : 3B —R with sup \g — h\ < }x/3K and j j d(g — h)\ \ < b/3. 

The function / : 3B —R given by / = g +A • (/) — g) equals h onC and g on 3Bn (L U (3B\2B)) C 
D. Thus / is Morse on 3B n (C U L). We have 

d/ = dg + (/j-g)dA + Ad(/j-g) 

There are no critical points of / in 3Bn {U \L) since on this set [[d/jj > IJ./3 because [[dg]] > jj. 
and lldA]] <K so [](/) —gjdAJ] <11/3 and j|Ad(/j —g)jj < jjd(/j —g)jj <li/3. 

Putting this together, / is Morse on the subset of 3B contained inCULU(f7\L)=CUf7 = BUf7. 

Observe that Y and d/ are equal on 3B\2B. Thus we may define Yi to be t/r on M\2B and d/ on 
3B. Then Y\ is Morse on 3Bn (BU17) because Y\ = 8f there. It is Morse on U\2B because it is y 
there. Hence Yi is Morse on 17 U B as required. □ 

The next result implies that nearby homology classes are represented by nearby 1-forms. 

Lemma 11 If M is a closed Riemannian manifold and £ > 0 , there is a neighbourhood U CH^ (M; R) 
of 0 with the property that for every <p €U, there is a closed 1-form rj with [ 17 ] = (j) and j [17 j j < £. 
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Proof We first prove the result for the -torus where V = As noted in Example |7J a 

linear map LEV* gives an exact 1-form dL on which is preserved by translations, and therefore 
is the pullback of a closed 1-form (Ol on . The map V* —(T^) given by L\-^ (Ol is continuous 
and V* —;> given by L [coj] is an isomorphism. 

For the general case let k = pi{M). There is a map / : M —)• which induces an isomorphism 
/* : Then f*{(OL) is a closed 1-form on M, which varies continuously 

with L and this gives an isomorphism V* —> (M; M). □ 


Next is a local stability result: nearby cohomology classes are represented by Morse 1-forms with the 
same zeros. 

Lemma 12 Given a closed Morse 1-form co and 6 > 0, there is a neighbourhood U C 
of 0 with the property that if a ^ U, then there exists a Morse 1-form Tj with [t]] = a + [m] and 
11 ft) — T] 11 < 5 and there is an open set A C M, which contains all the zeros of t] and of co and 
(o\A = ri\A. In particular m{ri) = m{(o). 


Proof Let to be a Morse 1-form. Then ft) has a finite number of zeros, say For each Zi 

choose a radius r, > 0 such that B, = B{zi', r,), 2B,- = B(z,; 2r,) and 3B, = B{zi',3ri) are open balls. We 
may do this so the balls 35; are pairwise disjoint. Define A = |JB, and 3A = U3B, and sef 

5 = inf{||ft)||;f : x€M\A}. 

Then 5 > 0 because M\A is compact. Choose a smooth function A; : M —> [0,1] with Xi{Bi) = 1 
and Xi{M\2Bi) = 0. Choose e > 0 smaller than 5/3 and (1/3)(1 + ||dA,j|)“' for every i. 

Fet U C H^(M;R) be the neighbourhood of 0 given by FemmaE] Given a € U there is a closed 
1-form (j) representing a with ||0|| < e. By Theorem [TOl we may assume (p is Morse. 

Since ||(j)|| < 5 all the zeros of rj = co + (p are contained in A. Below we construct a Morse 1-form 
rj' which equals rj in M\3A so [t]'] = [t]] = a + [ft)]. Moreover tj' = ft) on A completing the proof. 

To construct tj' we modify tj in B = B, C 3B, = 3B as follows. There are smooth functions f,g : 
3B —M with co = df and 0 = dg on 3B. Set 

h = f + Xi{g-f) 

Then h = g on B and /) = / on 3B \ 2B. A calculation as in the proof of Theorem[T0]shows h is Morse 
and with one singular point at Zi- Define tj' to be tj in M\ 2B and d/j in 3B. On the overlap 3B\2B 
these are both tj , and tj = ft) on B. Since the balls 3B, are pairwise disjoint these modifications can 
be done independently. □ 


Proofs of Theorem [T] and Proposition |4] The statements follows directly from the local stability re¬ 
sult fFemmafT^ together with the following two facts. First, the topology on S{M) induced by the 
norm agrees with the usual topology. Second, for each class ^ E //^(M;1R), one may choose a rep¬ 
resentative ftTi with the property that m{(Oi) =m{^), and a representative (O 2 with the property that 
m-rank; (ftF) = m-rank,- □ 


6 


2.3 The z-th handle rank of a rational class 


There is a topological description of the Morse complexity and the Morse ranks for rational classes. 
Suppose (A^, d^N, d^N) is a cobordism. Thus N is a. compact connected n-dimensional manifold with 
dN = d^NL\d+N. Suppose Jif is a handle decomposition of N given by attaching a finite number of 
handles to a collar dN^ x [0,1] of d-N. Such a handle decomposition determines a vector 

h{N,d-N,Jf) = (/zo,/zi,--- 

where h, is the number of handles of index i. The handle complexity of N rel d^N is the vector 

=min h{N,d-N, Jlf), 

where the minimum is taken with respect to lexicographical ordering over all such handle decomposi¬ 
tions. Thus h{N, d-N) = 0 if and only if N is diffeomorphic to dN^ x [0,1]. 

Similarly, the z^^ handle rank of N rel d-N is 

h-rank,(A/^,5_A/^) = min hi. (2.1) 

A primitive element j8 E is represented by a compact, connected, 2-sided submanifold 

V C M with tubular neighbourhood v{V). An orientation of M determines a transverse orientation 
to V and hence a cobordism {N = M\v(V),V^,V+). The minimum of li{N,V^) over such V is the 
handle complexity /z(j8) of j8, and the minimum of h-rank,(A,lA) is the handle rank h-rank,(j3) 
of j3. In general h{—p) ^ h{p) so the choice of orientation on M is necessary. 

Finally, if E is primitive, denote the Poincare dual to ^ by Dm{^) E Then 

define 

h{^)=h{DM{^)) and h-rank,((^) = h-ranki(DM(i^)) 
fo be fhe handle complexify and handle rank of ^ respectively. 

Lemma 13 Suppose M is a smooth closed oriented manifold. For each primitive class E {M-,7L), 
we have h{^) = m(^) and h-rank,(i^) = m-rank,((§). 

Proof This follows from fhe well-known correspondence befween Morse functions on M and cobor- 
disms associated fo regular level sefs (see lITOl . ifTTl '). □ 

Remark 14 The group rank, which is defined below, gives a lower bound on fhe firsl handle rank, 
and hence on fhe firsl Morse rank (see Remark l20l). 

2.4 Lower bounds from Novikov numbers 

For every firsl cohomology class E //'(M;1R) and every E N, fhere is a Novikov Betti number 
bk{^) and a Novikov torsion number qk{^) (see 14], §1.5 for fhree equivalenf definitions). For <^ = 0, 
bk{^) is fhe usual Belli number of M and qk {^) is fhe minimal number of generators of fhe torsion 
subgroup of F[k{M\7L). For general fhe ring TL is replaced wilh a local system of modules over a 
fancier ring. The Novikov inequalities (see [4], §2.3) slale lhal 

mk{(0)>bk{^)+qk{^)+qk-\{^), (2.2) 
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if [(o\ = Moreover, bk{^) = bk{r^) for every 0 7 ^ r € R and qk{^) = qk{r^) for every r > 0. It 
follows that for [ 1 ^] € S{M), we have 

m-rankj-[i§] > bk{^) + qk{^) + qk-i{^)- (2.3) 

Moreover, bQ{^) = 0 = qo{^), so the relationship is particularly nice when k = 1: 

m-Tanki[^]>bi{^)+qi{^). (2.4) 

We call a function /: S{M) — )• N polyhedral if each superlevel set [^,°°) is a spherical polytope. 
Farber (||4l, §1.6) gives a nice description of the geometry of the Novikov inequalities and, in partic¬ 
ular, a polyhedrality result. Since the Morse rank has this polyhedral lower bound, this triggers the 
following question: 

Question 15 Is the Morse rank a polyhedral function? 

Example 16 (3-manifolds with arbitrarily large Morse rank) Farber (14], §3.4.2) gives a family of 
closed 3-manifolds which are obtained as the connected sum of S'^ x S' and the 0-surgery on the 
connected sum of n trefoil knots, and satisfy H^{X„-,7L) = 7Z? . Moreover, the generator ^ supported 
by the summand has the property that every Morse closed 1-form representing it has at least 

n zeros of index 1. This is established using inequalities arising from a ring, which is more elaborate 
than the Novikov ring (see [4], Theorem 3.6). 


3 Groups 

Let G be a finitely presented group, and S{G) be the set of equivalence classes of non-trivial homo- 
morphisms (p\ G —> R, where two such homomorphisms are equivalent if they are positive scalar 
multiples of each other. Then ^(G) = 5”^', where G/G' = !^”©torsion. Define fhe tropical rank of 
the class [(p] € S(G) by 

rank[(p] = min{m-ranki[i§]}, 

M 

where the minimum is taken over all smooth closed manifolds M with 7Z\{M) = G, and where ^ is 
the image of cp under the canonical identification 

Hom(7ri(M),R) ^//'(M;R). 

The tropical rank is a well-defined function S(G) N, since r^ is the image of rtp for r > 0 and 
since m-ranki is integer valued. The definition involves taking the minimum, and so Proposition |4] 
directly implies: 

Proposition 17 The tropical rank is upper semi-continuous and has bounded image. 

The word tropical alludes to the fact that this rank gives information on the complement of the Bieri- 
Neumann-Strebel invariant lT| —this complement was characterised by Brown @1 using group theo¬ 
retic valuations, and hence can be viewed as a tropical set. 

The above proposition gives the first part of Theorem [3] The remaining parts concern rational classes 
and follow from the equality of Morse rank and handle rank (Lemma [T3]) together with the equality of 
handle rank and a group rank defined using HNN extensions (LemmaO, fundamental facts from [T] 
(summarised in Lemma [T^ and an application of Magnus rewriting (Lemma l22l). 


3.1 The Bieri-Neumann-Strebel invariant and HNN extensions 


We now define the Bieri-Neumann-Strebel invariant r(G). Choose a finite generating set for G and 
denote the corresponding Cayley graph, with the convention that G acts from the left on this 
graph. Given the non-trivial homomorphism (p: G —IR, define a G-equivariant map p: > IR by 

sending vertices to their images under (p and extending linearly over edges. Denote the maximal 
subgraph of contained in oo^O]. It turns out that the connectedness of is independent of 

the representative of [(p] and the generating set for G. Define r(G) C ^(G) to be the set of precisely 
those [(p] for which is connectedji] It is shown in [T] that r(G) is an open subset of S(G). 

If the non-trivial homomorphism (p: G ^ IR has discrete (and hence cyclic) image, then it is a positive 
scalar multiple of a unique epimorphism G and it is termed a discrete homomorphism. The point 
[(p] G S{G) is called rational. The set 

5'Q(G) = {[(p] G S{G) I (p is discrete} 

of rational points is dense in S{G). 

Suppose G is a finitely presented group with epimorphism (p: G An associated HNN-extension 
of (G,(p) is (B,AJ,a), where: 

G= {t,B\A = r^a{A)t), (3.1) 

and A Q B Cl kercp, both A and B are finitely generated, a : A — )• B is a monomorphism, and t £ G 
with (p(r) = 1. (A proof of this fact can be found in f2!|; we give an independent proof in 113.31 ) In this 
case, (G, cp) is said to split over A. If A = B, then the HNN-extension is called ascending in fT| (see 
the discussion in §4.1 of |lhl). The following two facts are established in [T]: 

(1) [<p] G r(G) if and only if tp corresponds to an ascending HNN extension; 

(2) ker(p is finitely generated if and only if [tp] G ^(G) and [—(p] G ^(G). 

In P6|, the complexity of [(p] is defined as the minimal rank of the group A, where the minimum 
is taken over all HNN-extensions of G of the form (13.11) . and this gives a measure analogous to 
the Thurston norm IHAII . We will show that the tropical rank defines a complementary complexity, 
namely the minimal difference between A and B. This will be established through two alternative 
viewpoints—using HNN extensions and handle decompositions. 


3.2 The group-rank 


Suppose G is a finitely presented group with epimorphism (p: G ^Z. For an associated HNN exten¬ 
sion (13.11 ). define g-rank(B,A) to be the minimal number of elements one needs to add to A in order 
to generate B, i.e. 

g-rank(B,A) = min n. 

B={bi,...b„A) 


Then define 


g-rank((p) = min( g-rank(B,A) ), 


where the minimum is taken over all HNN-extensions of G of the form (13.11) . 


(3.2) 


The above stated facts from |[T1 concerning the Bieri-Neumann-Strebel invariant give the following 
characterisation of classes with trivial group rank: 

'The definition of the BNS invariant involves various conventions and choices of sign, and one often encoun¬ 
ters a definition using the preimage of [0,°°) instead of (—oo,0]. The above definition matches ifTlIhl. 
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Lemma 18 We have: 

(1) g-rank((p) = 0 if and only if [<p] G L(G), and 

(2) g-rank((p) = 0 and g-rank(—(p) = 0 if and only if her cp is finitely generated. 


3.3 The handle-rank 


Define 


h-rank((p) = min{h-ranki ((§)}, 
M 


(3.3) 


where the minimum is taken over all closed n-manifolds M with n\ (M) = G, and where ^ is the 
image of tp under the canonical identification Hom(7ri = H'^{M-,7L). 


We wish to compare the handle rank with the group rank. Note that the groups A and B in presentation 
(13.11 ) are not necessarily finitely presentable (according to the Higman embedding theorem they are 
recursively presentable). We work around this issue using “fake HNN-extensions” as follows. 


Suppose G is a finitely presented group and (p: G ^7L. There is a finite presentation of G of the 
form 

{s,di,Cj I rk{di,...,ci,...) = 1, = w/(di,... ,ci,...) ) (3.4) 

with (p{s) = 1 and (p{di) = (p{cj) = 0. The existence of this presentation can be seen either alge¬ 
braically or topologically. 


Algebraically, one can apply Magnus re-writing to any presentation of G to convert it to the desired 
form (see ID §IV.5] and also the proof of T.emmal22]). 

The topological argument starts by choosing a closed, connected manifold M with 7ti (M) = G. Then 
(p : G ^7L determines a map /: M —)■ Let p G be a regular value with connected level set 
H = (p), and N = M\ v{H) be the complement of an open regular neighbourhood of H in M. 

Then dN = //+ U H is the disjoint union of two copies of H and there are two (not necessarily 
injective) inclusion homomorphisms a±'. K\{H) —)• K\{N). Applying the Generalised Van Kampen 
Theorem ||7] Theorem 6.2.11] to M\H and v{H) gives a presentation of 7t\{M) = G of the form 

( 5, TTi (V) 1 {h)s^^ = a-{h) \/h e 7t]_{H)), 

where 7t\{N) and 7t\{H) are finitely presented groups since both N and H are compact. Since 7t\{H) 
is finitely generated we only need the relations saj^{h)s^^ = a_(/z) for a generating set. This gives 
a presentation in the form (13.41) as follows. Denote the generators and relators of Tt\ {N) by di and 
rk respectively and for each relation of the form sa^{h)s^^ = a-{h) add one generator Cj and the 
relations c/ = ot,+ {h) and scjS^^ = a-{h) with a±{h) expressed as words in the generators of 7t\{N). 
This completes the topological argument that a presentation of the form (13.41) exists. 

From (13.41) . one obtains an HNN extension as follows. Let A = {cj) < G and B = {di,Cj) < G. 
Then A and B are finitely generated (but possibly not finitely presented) subgroups of G with A <B. 
Moreover, ^A^^' < B by construction, so the conjugation map a sas^^ takes A to an isomorphic 
subgroup of B. Whence G = {s,B \ A = s^^a{A)s) and we also have 

g-rank(B,A) < | {di} |. 


Lemma 19 h-rank((p) = g-rank((p) 
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Proof Each relative handle decomposition gives rise to a fake HNN-decomposition of the form (13.41) . 
For any (p, there is a manifold M with relative handle decomposition realising the mini¬ 
mum in (13.31) . Using the above notation with B = im( 7 ri (N) (M)) and A = im( 7 ri (//-) —Tti (M)) 

gives: 

g-rank((p) < g-rank(B,A) < | {di} \ = h-ranki= h-rank((p). 

To prove h-rank((p) < g-rank((p), build a 2-complex with fundamental group G as follows. Let 
G = {t,B I tAt^^ = o:(A)) be an HNN-extension realising minimal group rank for cp. Choose finite 
generating sets {a,} for A and {ai,bj} for B such that |{f?y}| = g-rank((p). Since G is a finitely 
presentable group and generated by {t,ai,bj}, there is a finite presentation of G with these generators 
and of the form 

G = {t,ai,bj I rk{ai,...,bi,...), tatr^ = Wi{ai,... ,bi,...)). (3.5) 

Given the finite presentation, we let C be the free group in {at} and D be the group 

{ai,bj I niai,...,bi,...)). 

Build a 2-complex, To, with one 0-cell and 1-cells for the elements bi, Ui and a(a,), and 2-cells for 
the relators in the presentation of D and the extra relations where w,- is a word in the a,- 

and bi equal to the element a(a,). This 2-complex has fundamental group D. 

Then take the sub-complex X cYq formed by the cells for C and cross it with an interval, giving a 
2-complex, X x I. Let Y\ = Fq Ux=(xx{o}) {X x I). Then Fi still has fundamental group D. 

Let Y 2 be the 3-complex obtained from Fi as follows. For each a,-, identify the 1-cell representing a, 
in X X {1} C Fi with the 1-cell representing a(a,). It follows that F 2 has fundamental group G. 

Embed F 2 in IR^ and embed in IR^ in the standard way, taking 9 x 1 -^ (x,0) G R^. Let F 3 be 
the boundary of a regular neighbourhood of the embedding. This is a 5-manifold and it has a product 
region, identified wifh VF x (0,1) for suifable W, corresponding fo fhe subcomplex X x (0,1). Idenfify 
W = W x{^} CY 3 . 

We claim fhaf fhere is a handle decomposition of F 3 \ VF relafive fo VF_ C 5 (F 3 \IF), W- = VF, wifh 
exacfly one 1-handle for each bi. To show fhis, remove fhe inferior of each 1-handle corresponding 
fo each bi, and denofe fhe resulf Z. Then 

Til (VF_) —y Til (Z) —y 711 (Z, MU) —t tiq = 0, 

whence 7i\{W-) = 7 t\{Z) and if follows from ifT^ Lemma 6.15] (and fhe remark affer fhaf lemma), 
thaf no additional 1-handles are needed. Moreover, is connecfed as a consequence of fhe chosen 
embedding of F 2 info R^, and if is non-separafing due fo fhe presenfafion of fhe fundamenfal group. 
Hence we have shown fhaf h-rank((p) < g-rank((p). □ 

Remark 20 If L = 7 ii{M) and cp corresponds fo fhen g-rank((p) < h-ranki(i§), giving anofher 
lower bound for Morse rank. 

Example 21 Example |7]implies fhaf fhe fropical rank for fhe group = ni{T) vanishes idenfically. 
For rafional classes, fhis is easy fo verify using HNN exfensions, since any epimorphism is 

equivalenf fo fhe epimorphism (p: {a,b \ a^^ba = b) ^TL wifh (p{a) = 1 and (p(b) = 0 , whence 
rank[(p] = 0 . 
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3.4 Consequences for the tropical rank 


Recall that if (p: G —> IR is discrete, then (p{G) is infinite cyclic, and hence there is a unique r € 1R+ 
such that rq): G follows from Lemmata [13] and [19] that: 

rank[(p] = h-rank(r(p) = g-rank(r(p). 

Lemma 22 If G has a presentation with n generators, then rank[(p] < n for each [(pj € S{G), and 
rank[(p] <n — l for each rational class [(p] e SQ(G). 


Proof We first address the general case. As in the proof of Lemma [19] we can construct a closed 
manifold M with a handle decomposition having exactly n 1-handles in its handle decomposition. 
We can define a Morse 1-form on M dual fo fhis handle decomposifion (see ITOl . ifTTI i. This has 
exacfly n crifical poinfs of index 1. The local sfabilify resulf Lemma [12] implies fhaf fhis is a universal 
bound on fhe number of critical poinfs of index 1 of every Morse 1-form on M. 

Nexf suppose fhaf [(pj G 5'Q(G). Given fhe presenfafion G = ( g, | rj ) wifh n generafors we apply 
Magnus rewriting as follows. If (p{gig) = ±1 for fhe generator of G, fhen choose 5 = and 
di = for all i / /q. We have q){s) = 1 and «p(d,) = 0 for each d,-. Now rewrife fhe relators 

using fhis new generating sef { 5 , di }. If 5 appears in fhe relator , then (up to cyclic permutation) there 
is a substring in of the form where w is a word in the di. We introduce a new generator cj, 

the relation scjs^^ = w and replace the substring by cj in r*. Note that <p(cy) = 0. Iterating 

this procedure results in the desired presentation, and the number of generators di is bounded above 
by n — 1. 

Hence assume (p{gi) 7 ^ ±1 for all generators of G. Since (p is an epimorphism, there are two genera¬ 
tors and g,j such that their respective images are coprime. So there are p,q^7L such that (p maps 
5 = to one. Introduce this new generator, and replace each gi by bi = giS^‘l’^^''>. This gives a new 
generating set {s,bi} with n+l elements. Rewrite all relators in these generators and add the relator 
5 ^'The latter lets us choose either cj^ = bi^ or Cj, = f?,,, and we put di = bi 
for all remaining indices. With this we precede as above, again obtaining a generating set {s,Cj,di) 
with at most n —I generators di. □ 

Question 23 Is the tropical rank a polyhedral function? 

Remark 24 The definition of tropical rank took into account only the 1-handles {generators) since 
in general, the groups arising in an HNN extension are finitely generated but not necessarily finitely 
presented. For groups with the property that every finitely generated subgroup is finitely presented, 
one can also take into account the 2 -handles (relators), giving a finer -valued complexify, for 
which one can define analogous -valued group and handle ranks, which agree wifh if on rational 
classes. 


Acknowledgements 

The firsf aufhor is partially supported by NSF grants DMS-0706887, 1065939, 1207068 and 1045292. 
The second author is partially supported by Australian Research Council grant DP140100158. 


12 


References 


[1] Robert Bieri, Walter D. Neumann, and Ralph Strebel, A geometric invariant of discrete groups. Invent. 
Math. 90 (1987), no. 3, 451^77. 

[2] Robert Bieri and Ralph Strebel, Almost finitely presented soluble groups, Comment. Math. Helv. 53 
(1978), 258-278. 

[3] Kenneth S. Brown, Trees, valuations, and the Bieri-Neumann-Strebel invariant. Invent. Math. 90 (1987), 
no. 3, 479-504. 

[4] Michael Farber, Topology of closed one-forms. Mathematical Surveys and Monographs, vol. 108, Amer¬ 
ican Mathematical Society, Providence, RI, 2004. 

[5] David Fried: Fibrations over 5* with pseudo-Anosov monodromy. Expose 14 (pp. 251-266) in Travaux 
de Thurston sur les surfaces, Asterisque, 66-67. Societe Mathematique de France, Paris, 1979. 

[6] Stefan Friedl and Stephan Tillmann, Two-generator one-relator groups and marked polytopes, 2015, 
http://arxiv.org/abs/1501.03489. 

[7] Ross Geoghegan: Topological methods in group theory. Graduate Texts in Mathematics, 243. Springer, 
New York, 2008. 

[8] Francois Lalonde, Dusa McDuff and Leonid Polterovich, On the Flux conjectures, CRM Proceedings 
and Lecture Notes, American Mathematical Society, 15, 69-86, 1998. 

[9] Roger C. Lyndon and Paul E. Schupp, Combinatorial group theory. Ergebnisse der Mathematik und 
ihrer Grenzgebiete, Band 89. Springer-Verlag, Berlin-New York, 1977. 

[10] John Milnor, Mor^e Theory, Annals of Mathematics Studies, No. 51, Princeton University Press, Prince¬ 
ton, N.J., 1963. 

[11] John Milnor, Lectures on the h-Cobordism Theorem, Princeton University Press, Princeton, N.J., 1965. 

[12] Andrei V. Pajitnov, Circle-valued Morse Theory, de Gruyter Studies in Mathematics, 32, Walter de 
Gruyter &. Co., Berlin, 2006. 

[13] C. P. Rourke and B. J. Sanderson, Introduction to piecewise-linear topology. Springer-Verlag, New 
York-Heidelberg, 1972, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 69. 

[14] William P. Thurston, A norm for the homology of 3-manifolds, Mem. Amer. Math. Soc. 59 (1986), 
no. 339, i-vi and 99-130. 

[15] David Tischler, Onfibering certain foliated manifolds over 5*, Topology, 9, 153-154, 1970. 


Department of Mathematics, University of California Santa Barbara, CA 93106, USA 
School of Mathematics and Statistics, The University of Sydney, NSW 2006, Australia 

Email: cooper@math.ucsb.edu stephan.tillmann@sydney.edu.au 


13 



